In this paper we define the concepts of co-medial algebra and regular algebra and we will show that for a regular co-medial algebra (A, f, g), there exist a commutative semigroup (A, +), such that the operations f, g have the linear representation on (A, +). As a consequence of above result, we have the linear representation of an n−ary medial groupoid with an regular element, which was obtained by (Evans, T., 1963, p. 331-349).
Introduction
The medial property was studied initially by (Kolmogorov, A., 1930; Nagumo, M., 1930; Bruck, R. H., 1944; Aczél, J., 1947; Hosszu, M., 1953 ). An algebra A = (A, F), (without nollary operations) is called medial (entropic, abelian) if it satisfies the identity of mediality:
g( f (x 11 , . . . , x n1 ), . . . , f (x 1m , . . . , x nm )) = f (g(x 11 , . . . , x 1m ), . . . , g(x n1 , . . . , x nm )),
Definition 1.2 Let ( f, g) be a pair of n-ary operations of the algebra, (A, F). For any element, e, of A, let α 1 , . . . , α n and β 1 , . . . , β n be mappings of A into A defined by α i : x → f (e, . . . , e, x, e, . . . , e), (2) β i : x → g (e, . . . , e, x, e, . . . , e) , with x at the i−th place. We call α i the i−th translation by e with respect to f . An element e is called i−regular element with respect to f if α i is a bijection. The similar definitions go with g. An element e, is called i−regular for the pair operation ( f, g) if, it is i−regular element with respect to the both operations f and g. The element e is called i−regular for the algebra (A, F), if it is i−regular for every pair operations f, g ∈ F.
Preliminary Results
Definition 2.1 Let f be an n-ary operation and J be a non-empty subset of {1, 2, . . . , n}, we will say that the element e is J-regular with respect to the operation f , if e is a j-regular element with respect to f , for all j ∈ J. The element e is J-regular element for the algebra (A, F), if e is a J-regular element with respect to every f ∈ F. Definition 2.2 Let f, g ∈ F be n-ary operations (2 ≤ n), ∅ J ⊆ {1, 2, . . . , n} and a 1 , . . . , a i−1 , a i+1 , . . . , a n are J-regular elements of the algebra (A, f, g) (where J contains at leas two elements). The pair operation ( f, g) is (i, J)-regular pair operation (where i ∈ J), if for every x ∈ A we have the following equality:
The
) is a J-regular pair operation for some ∅ J ⊆ {1, 2, . . . , n} (where J contains at leas two elements). An algebra (A, F) is called regular if every pair operation of (A, F) be a regular pair operation. The equality (3) is a co-identity in the sence of (Movsisyan, Yu. M., 1986) .
Lemma 2.3 Let (A, f, g) be a regular co-medial algebra with an idempotent i−regular element, then f = g.
Proof: Let (A, f, g) be a regular co-medial algebra with an idempotent i−regular element e, then for every x 1 , . . . , x n ∈ A we have: 
) is a regular algebra with the i−regular element e, α i = β i . Therefor, α
The following characterization of a medial n-ary groupoid with an idempotent J−regular element, obtained by (Evans, T., 1963) . 
where α 1 , . . . , α n , are pairwise commuting endomorphisms of (A, +), n ≥ 2. If i, j ∈ J, then α i , α j are automorphisms of (A, +). 
where α 1 , . . . , α n , are pairwise commuting endomorphisms of (A, +), n ≥ 2. If i, j ∈ J, then α i , α j are automorphisms of (A, +).
Proof: By Lemma 2.3, f = g. Therefor, the algebra (A, f, g) is an n−ary medial groupoid, so we can use the Theorem 2.4.
We have described in the Corollary 2.5 structure of the regular co-medial algebra (A, f, g) containing an idempotent J−regular element. The purpose of this section is to obtain sufficient properties of finite co-medial algebras to enable us to weaken considerably, in this finite case, the assumptions we need for characterizing regular co-medial algebras which do not contain an idempotent element.
We use continually the following lemma, the proof of which we omit.
Lemma 2.6 Let (A, F) be a finite algebra and a 1 , . . . , a i−1 , a i+1 , . . . , a n are elements of A and f ∈ F, if for all x, y ∈ A,
implies that x = y, then for any b ∈ A there is a unique element x ∈ A such that
Lemma 2.7 Let (A, f, g) be a finite co-medial algebra with an J−regular element e. If f (a 1 , . . . , a n ) = e and g(c 1 , . .
. , c n ) = e then, for each i, a i , is a J−regular element with respect to the operation f and c i is a J−regular element with respect to the operation g.
Proof: Let x, y ∈ A and i ∈ J, such that , . . . , a i ), . . . , f (a n , . . . , e, . . . , a n )).
So, by co-mediality we have:
. . , a n ), . . . , , . . . , e), . . . , f (a 1 , . . . , a n )),
g(e, . . . , f (e, . . . , x, . . . , e), . . . , e) = g(e, . . . , f (e, . . . , y, . . . , e), . . . , e).
Thus, by applying regularity of the element e, we have: x = y.
then, x = y. By Lemma 2.6, this concludes the proof. 
. , e)).
Since, e is an i-regular element of (A, f, g), x 1 = y 1 . Hence, x = y. By Lemma 2.6, this concludes f (e, . . . , e) is an i-regular element with respect to the operation g. Similarly, f (e, . . . , e) is an i-regular element with respect to the operation f , and g(e, . . . , e) is an i-regular element with respect to the both operations f, g.
Lemma 2.9 Let (A, f, g) be a finite co-medial algebra with n−ary operations, and a 1 , . . . , a i−1 , a i+1 , . . . , a n are J−regular elements of the algebra (A, f, g) (where J ⊂ {1, 2, . . . , n} contains at leas two elements). Then, for every b ∈ A, there are unique
we will prove that, x 1 = y 1 .
with t k at the j − th place. Then, we have: a 1 , a i+1 , . . . , a n ), . . . , with x 1 , x 2 at the the i − th places and t 1 , t 2 at the j − th places, where t 1 , t 2 are the elements described in (2).
It is easy to prove that in the finite co-medial algebra (A, f, g) the set of J−regular elements is closed under the operations f, g. Thus, if the finite co-medial algebra (A, f, g), contains at least one J−regular element, then the algebra (A, f, g), contains an J−regular subalgebra, where by J−regular subalgebra of a co-medial algebra, finite or infinite, we mean a subalgebra of J−regular elements such that if a 1 , . . . , a i−1 , a i+1 , . . . , a n belong to the subalgebra, then there are the unique elements
Furthermore, if b is in the subalgebra, so are x 1 , x 2 .
The Structure of Regular Co-Medial Algebras
We discuss in this section the structure of a regular co-medial algebra (A, f, g) which does not contain an idempotent element. We construct new operations f * , g * on A in terms of f, g, such that ( f * , g * ) is a co-medial pair operation, and the co-medial algebra (A, f * , g * ), contains an idempotent element. If certain regularity conditions are assumed for (A, f, g), then this idempotent element is also a J−regular element in (A, f * , g * ) and hence we are able to use the corollary 2.5 to describe the structure of the pair operation ( f * , g * ).
Lemma 3.1 Let (A, f, g ) be a co-medial algebra and π, ρ be permutations of {1, 2, . . . , n}, then the pair operation ( f * , g * ) is co-medial, where
) is a co-medial algebra, we have:
Lemma 3.2 Let (A, f, g) be a finite co-medial algebra and a 1 , . . . , a i−1 , a i+1 , . . . , a n are elements of A. Then, the pair operation defined by the following
. . , a n ), with x 1 , x 2 at the k − th place, have unique solutions. Hence, e is a J−regular with respect to the pair operation ( f 
. , e).
So, by lemma 3.3, the pair operation ( f * , g * ) is co-medial with e, as an idempotent element. Thus, by corollary 2.5, there is a commutative semigroup, (A, +), with the unit element e such that
where, α 1 , . . . , α n are commuting endomorphisms of (A, +).
Again, by the results of the previous section, the mappings 
Lemma 3.5 Let (A, +) be a commutative semigroup with a unit element and φ 1 , . . . , φ n are bijections on A, such that
Then, there is an automorphism η of (A, +) and fixed elements c 1 , . . . , c n such that for each i, we have:
for all x ∈ A.
Proof: Let (A, +) be a commutative semigroup with a unit element, e. In the equation (4), for fixed i and all j except j = 1, put x i j = φ −1 i e and all other x pq be unit element except, x 1i and x i1 , then we have:
Since, φ 1 , φ i are permutations on (A, +), for all x ∈ A we have:
where, k i is a fixed regular element of (A, +). Substituting for the φ i in the equation (4) and cancelling the k i , which we may do since they are regular elements, we get
In the equation (5), let x ii = φ −1 1 e, where, i 1, 2, and all other x i j be the unit element, e, except, x 11 , x 12 . Then, we have:
for all x 11 , x 12 .
So, if x 11 = x 12 = φ Now, we define a bijection η on A by the following
for all x ∈ A. It follows immediately that, η is an automorphism of (A, +).
Hence,
where, c i = φ 1 e + k i , as the sum of two regular elements is a regular element.
Theorem 3.6 Let (A, f, g) be a regular co-medial algebra, then there is a commutative semigroup (A, +) with an unit element, such that f (x 1 , . . . ,
where, d 1 , d 2 are fixed regular elements in (A, +) and γ 1 , . . . , γ n , λ 1 , . . . , λ n , are commuting automorphisms of the semigroup (A, +).
Proof: Let (A, f, g) be a regular co-medial algebra, by Lemma 3.4, we know that there is a commutative semigroup with an unit element e, such that
where, α 1 , . . . , α n , are pairwise commuting endomorphisms of (A, +) and φ, ψ are bijections on A.
Since, the operation f is co-medial we have:
φ(α 1 φ(α 1 x 11 + · · · + α n x 1n ) + · · · + α n φ(α 1 x n1 + · · · + α n x nn )) = φ(α 1 φ(α 1 x 11 + · · · + α n x n1 ) + · · · + α n φ(α 1 x 1n + · · · + α n x nn )). where, γ i = σα i is an automorphism of the semigroup.
Similarly, g(x 1 , . . . , x n ) = λ 1 x 1 + · · · + λ n x n + d 2 .
It is easy to check that, γ 1 , . . . , γ n , λ 1 , . . . , λ n , are commuting automorphisms of the semigroup (A, +).
The following representation of a medial n−ary groupoid was obtained by (Evans, T., 1963) .
